
*?�TBi`2 y

�`#`2b "BM�B`2b

P#D2+iB7b /m +?�TBi`2

aQKK�B`2

� .û}MBiBQM X X X X X X X X X X X X X X X X X k
R h2`KBMQHQ;B2 X X X X X X X X X X X k
k �`#`2 #BM�B`2b X X X X X X X X X X j
j S�`+Qm`b 2M T`Q7QM/2m` X X X X X j
9 .û}MBiBQM 2i T`QT`Bûiûb BM/m+iBp2b 9

" �`#`2b "BM�B`2b /2 _2+?2`+?2 X X X X X X e
R .û}MBiBQM X X X X X X X X X X X X X e
k .ûbû[mBHB#`2 X X X X X X X X X X X X N
j .B+iBQMM�B`2 X X X X X X X X X X X X N

* 6BH2 /2 T`BQ`Biû X X X X X X X X X X X X X X Ry
R AKTHûK2Mi�iBQMb M�[p2b X X X X X Ry
k .û}MBiBQM X X X X X X X X X X X X X RR
j h`B T�` i�b X X X X X X X X X X X X Rj
9 aiQ+F�;2 /�Mb mM i�#H2�m X X X X Rj

. "�+Fi`�+FBM; X X X X X X X X X X X X X X X R9
R G2 T`Q#H�K2 /2b ?mBi `2BM2b X X X R9

G2b �`#`2b bQMi /2b bi`m+im`2b /2 /QMMû2b QKMBT`û@
b2Mi2b 2M �H;Q`Bi?KB[m2- v +QKT`Bb /�Mb H2b /QK�BM2b
/2 `2+?2`+?2 �+im2HbX .�Mb +2 +Qm`b- BHb bQMi �p�Mi
iQmi H2 bmTTQ`i /2 Hö�TTHB+�iBQM /2 `�BbQMM2K2Mib BM@
/m+iB7bX
.2 THmb- +2b /2`MB2`b bQMi miBHBbûb TQm` +QMbi`mB`2 /2b
bi`m+im`2b /2 /QMMû2b ûH�#Q`û2b- �/�Tiû2b ¨ /2b �H;Q@
`Bi?K2b- /2b #2bQBMb T`û+BbX

� .�Mb mM2 T`2KB�`2 T�`iB2- MQmb �HHQMb `�TT2H2` H�
/û}MBiBQM /2b �`#`2b- H� i2`KBMQHQ;B2 �bbQ+Bû2- TmBb
MQmb MQmb �ii�`/2`QMb bm` H� MQiBQM /ö�`#`2 #BM�B`2-
bmD2i /2 +2 +?�TBi`2- �p�Mi /ö2M /û}MB` H2b T`QT`Bû@
iûb mbm2HH2b T�` /û}MBiBQM BM/m+iBp2 2i H2 `�BbQMM2@
K2Mi �bbQ+Bû �TT2Hû BM/m+iBQM bi`m+im`2HH2X

" .�Mb mM b2+QM/ i2KTb- MQmb ûim/B2`QMb H� bi`m+@
im`2 /2 /QMMû2 +H�bbB[m2 /2b �`#`2b #BM�B`2b /2 `2@

+?2`+?2- H2m` /ûbû[mBHB#`2- H� T`BM+BT�H2 /B{+mHiû �b@
bQ+Bû2 �p�Mi /2 bö�ii�`/2` bm` H2m` mb�;2 T`BM+BT�H-
H2b /B+iBQMM�B`2bX

* .�Mb mM2 i`QBbB�K2 T�`iB2- MQmb �HHQMb ûim/B2` H�
bi`m+im`2 /2 /QMMû2 +H�bbB[m2 /2b i�b #BM�B`2b- /m +H�bbB[m2 i`Bb T�` i�b TmBb /2 H2m` BKTHûK2Mi�iBQM ¨ Hö�B/2
/ömM i�b biQ+Fû /�Mb mM i�#H2�mX

. .�Mb mM2 /2`MB�`2 T�`iB2- MQmb miBHBb2`QMb H� MQ@
iBQM /2 #�+Fi`�+FBM;- T�`+Qm`b 2M T`Q7QM/2m` /2
Hö�`#`2 /2b bQHmiBQMb- �m i`�p2`b /m T`Q#H�K2 /2b
?mBi `2BM2bX

P+iQ#`2 kykj R �



� .û}MBiBQM

R h2`KBMQHQ;B2

.û}MBiBQMb , �`#`2 ✉ ✉ ✉

lM �`#`2 2bi mM2 bi`m+im`2 /2 /QMMû2b +QMi2M�Mi /2b M¾m/b- /QMi HömM /ö2mt 2bi mM2 `�+BM2- +ö2bi@¨@/B`2

H2 M¾m/ b�Mb T�`2Mib- H2b �mi`2b 2M TQbbû/�Mi mM mMB[m2X

�mi`2K2Mi /Bi- mM �`#`2 2bi mM 2Mb2K#H2 /2 M¾m/b /QMi ,

✆ mM2 `�+BM2 [mB Mö� T�b /2 T�`2Mib

✆ /ö�mi`2b M¾m/b [mB QMi mM 2i mM mMB[m2 T�`2Mi

1t2KTH2X _2T`ûb2Mi�iBQM P+�KH /ömM �`#`2 , ivT2 ^� �`#`2 4 L Q7 ^�  ^� �`#`2 HBbi

.û}MBiBQMb , i2`KBMQHQ;B2 /2b �`#`2b ✉ ✉ ✉

AH +QMpB2Mi K�BMi2M�Mi /öBMi`Q/mB`2 H� i2`KBMQHQ;B2 mbm2HH2 bm` H2b �`#`2b ,

✆ T�`2 2i }Hb , aB mM2 �`�i2 K�M2 /m bQKK2i i p2`b H2 bQKK2i j- �HQ`b i 2bi H2 T�`2 /2 j 2i j 2bi H2

}Hb /2 i

✆ 72mBHH2 , lM2 72mBHH2 2bi mM M¾m/ [mB Mö� T�b /2 }Hb

✆ bQmb@�`#`2 , *?�[m2 M¾m/ 2bi `�+BM2 /ömM bQmb@�`#`2 +QMbiBimû /2 HmB@K�K2 2i /2 iQmb b2b /2b+2M@

/�Mib

✆ �`Biû , Gö�`Biû /ömM M¾m/ 2bi bQM MQK#`2 /2 }Hb

1t2KTH2 /ö�`#`2 2i �TTHB+�iBQM /2 H� i2`KBMQHQ;B2

R

k

8 e

N Ry

j

d

9

3

RR Rk

Zm2H[m2b 2t2KTH2b /ö�TTHB+�iBQM /2 H� i2`KBMQHQ;B2 ,

✆ H2 M¾m/ /öûiB[m2ii2 e 2bi H2 T�`2 /2 +2HmB /öûiB[m2ii2 Ry

✆ H2 M¾m/ /öûiB[m2ii2 e 2bi H2 T�`2 /2 +2HmB /öûiB[m2ii2 Ry

✆ H2 M¾m/ /öûiB[m2ii2 8 2bi H2 }Hb /2 +2HmB /öûiB[m2ii2 k

✆ H2b 72mBHH2b bQMi H2b M¾m/b /öûiB[m2ii2 8- N- Ry- d- RR- Rk

✆ H2b M¾m/b /öûiB[m2ii2 9- 3- RR- Rk 7Q`K2Mi mM H2 bQmb@�`#`2 /QMi H� `�+BM2 2bi H2 M¾m/ /öûiB[m2ii2 9

✆ Hö�`Biû /m M¾m/ /öûiB[m2ii2 R 2bi j

k �



k �`#`2 #BM�B`2b

.û}MBiBQM , �`#`2b #BM�B`2b ✉ ✉ ✉

lM �`#`2 #BM�B`2 2bi mM �`#`2 /�Mb H2[m2H +?�[m2 M¾m/ � �m THmb /2mt }HbX

"B2M bQmp2Mi- QM `�DQmi2 ¨ Hö2Mb2K#H2 /2b �`#`2b #BM�B`2b Hö�`#`2 oB/2 [mB T2`K2i /2b /û}MBiBQMb BM/m+@

iBp2b THmb bBKTH2bX

�mi`2K2Mi /Bi- TQm` mM 2Mb2K#H2 E- Hö2Mb2K#H2 /2b �`#`2b #BM�B`2b ûiB[m2iûb T�` E 2bi /û}MB T�` ,

✆ oB/2 2bi mM �`#`2 #BM�B`2 bm` E

✆ bB x P E- 2i Fg- Fd /2mt �`#`2b #BM�B`2b ûiB[m2iûb T�` E �HQ`b (x,Fg,Fd) 2bi mM �`#`2 #BM�B`2 ûiB[m2iû

T�` EX�

�B+B- x 2bi HöûiB[m2ii2 /m M¾m/- Fd 2i Fg `2bT2+iBp2K2Mi b2b bQmb@�`#`2b /`QBi 2i ;�m+?2

1t2KTH2X _2T`ûb2Mi�iBQM P+�KH /ömM �`#`2 #BM�B`2 , ivT2 ^� �`#`2 4 oB/2 % L Q7 ^� ^� �`#`2 ^� �`#`2

1t2KTH2 /2 `2T`ûb2Mi�iBQMb /ö�`#`2b #BM�B`2b

H2i � 4 LUR-LUk-LU9-LUe-oB/2-oB/2V-LUd-oB/2-oB/2VV-oB/2V-LUj-oB/2-LU8-oB/2-oB/2VVVcc

R

k

9

e

oB/2 oB/2

d

oB/2 oB/2

oB/2

j

oB/2 8

oB/2 oB/2

R

k

9

e d

j

8

R

k

9

e d

j

8

oQB+B i`QBb `2T`ûb2Mi�iBQMb /m K�K2 �`#`2 #BM�B`2X

j S�`+Qm`b 2M T`Q7QM/2m` /ömM �`#`2 #BM�B`2

GQ`b /ömM T�`+Qm`b 2M T`Q7QM/2m`- /ömM M¾m/ +QMi2M�Mi /2b bQmb �`#`2b- +?�[m2 bQmb �`#`2 2bi 2tTHQ`û 2M 2MiB2`
�p�Mi /ö2tTHQ`2` H2 bQmb �`#`2 bmBp�MiX

S�`+Qm`b T`û}t2 /ömM �`#`2 #BM�B`2

@

 

Y

k j

R

❄

!

y

G2 T�`+Qm`b T`û}t2 /ömM �`#`2 +QMbBbi2 ¨ böQ++mT2` /2 H� `�+BM2 �p�Mi
/ö2tTHQ`2` H2 bQmb �`#`2 ;�m+?2 TmBb /`QBiX .ömM2 K�MB�`2 ;ûMû`�H2- QM
T2mi HöQ#i2MB` b2HQM HöQ`/`2 /m T�bb�;2 ¨ ;�m+?2 /�Mb H2 T�`+Qm`b bmBp�MiX
*2H� `2pB2Mi ¨ @  Y k j R ò 5 y /�Mb Hö2t2KTH2X

R H2i `2+ T�`+Qm`bnT`27Bt2 � 4 K�i+? � rBi?

k % oB/2 @= UV
j % LUp- 7;- 7/V @= T`BMinBMi pc
9 T�`+Qm`bnT`27Bt2 7;c
8 T�`+Qm`bnT`27Bt2 7/cc

_2K�`[m2 , G2 T�`+Qm`b T`û}t2 /ömM �`#`2 `2T`ûb2Mi�Mi mM2 2tT`2bbBQM �`Bi?KûiB[m2 T2`K2i /2 `2i`Qmp2` H�
MQi�iBQM TQHQM�Bb2X

j �



S�`+Qm`b bm{t2 /ömM �`#`2 #BM�B`2

@

 

Y

k j

R

❄

!

y

G2 T�`+Qm`b bm{t2 /ömM �`#`2 +QMbBbi2 ¨ 2tTHQ`2` H2b bQmb �`#`2 ;�m+?2
2i /`QBi �p�Mi /2 böQ++mT2` /2 H� `�+BM2X .ömM2 K�MB�`2 ;ûMû`�H2- QM T2mi
HöQ#i2MB` b2HQM HöQ`/`2 /m T�bb�;2 ¨ /`QBi2 /�Mb H2 T�`+Qm`b bmBp�MiX
*2H� `2pB2Mi ¨ k j Y R  y 5 ò @ /�Mb Hö2t2KTH2X

R H2i `2+ T�`+Qm`bnbm77Bt2 � 4 K�i+? � rBi?

k % oB/2 @= UV
j % LUp- 7;- 7/V @= T�`+Qm`bnT`27Bt2 7;c
9 T�`+Qm`bnT`27Bt2 7/c
8 T`BMinBMi pcc

_2K�`[m2 , G2 T�`+Qm`b bm{t2 /ömM �`#`2 `2T`ûb2Mi�Mi mM2 2tT`2bbBQM �`Bi?KûiB[m2 T2`K2i /2 `2i`Qmp2` H�
MQi�iBQM TQHQM�Bb2 BMp2`b2X

S�`+Qm`b BM}t2 /ömM �`#`2 #BM�B`2

@

 

Y

k j

R

❄

!

y

G2 T�`+Qm`b BM}t2 /ömM �`#`2 +QMbBbi2 ¨ 2tTHQ`2` H2 bQmb �`#`2 ;�m+?2
TmBb ¨ böQ++mT2` /2 H� `�+BM2 �p�Mi /ö2tTHQ`2` H2 bQmb �`#`2 /`QBiX .ömM2
K�MB�`2 ;ûMû`�H2- QM T2mi HöQ#i2MB` b2HQM HöQ`/`2 /m T�bb�;2 bQmb mM
M¾m/ /�Mb H2 T�`+Qm`b bmBp�MiX
*2H� `2pB2Mi ¨ Uk Y jV  R @ ò Uy 5V /�Mb Hö2t2KTH2X

R H2i `2+ T�`+Qm`bnBM7Bt2 � 4 K�i+? � rBi?

k % oB/2 @= UV
j % LUp- 7;- 7/V @= T�`+Qm`bnT`27Bt2 7;c
9 T`BMinBMi pc
8 T�`+Qm`bnT`27Bt2 7/cc

_2K�`[m2 , aB Hö�`#`2 `2T`ûb2Mi2 HöQTû`�iBQM �`Bi?KûiB[m2 (2 + 3) ✝ 1 ✁
❄

0!- b2mH H2 T�`+Qm`b BM}t2 [mB 2bi
�K#B;m� Mû+2bbBi2 /2b T�`2Mi?�b2b- bBMQM HöQM T2mi +QM7QM/`2 �p2+ 2 + 3 ✝ 1✁

❄
0! X

9 .û}MBiBQM 2i T`QT`Bûiûb BM/m+iBp2b

.û}MBiBQM T�` BM/m+iBQM bi`m+im`2HH2 9

aQBi E- F /2b 2Mb2K#H2b 2i A Hö2Mb2K#H2 /2b �`#`2b #BM�B`2b ûiB[m2iûb T�` E-

PM T2mi /û}MB` /2b 7QM+iBQMb f : A Ñ F pB� mM ûHûK2Mi a P F 2i φ : E ✂ F ✂ F Ñ F �BMbB [m2 H2b

T`QT`Bûiûb bmBp�Mi2b ,

✆ f(oB/2) = a

✆ ❅x P E, ❅(Fg,Fd) P A , f(x,Fg,Fd) = φ(x, f(Fg), f(Fd))

9 �



.û}MBiBQM , i�BHH2 /ömM �`#`2 ✉ ✉ ✉

G� i�BHH2 /ömM �`#`2 2bi bQM MQK#`2 /2 M¾m/bX

R H2i `2+ i�BHH2 � 4 K�i+? � rBi?

k % oB/2 @= y
j % LUn- 7;- 7/V @= R Y Ui�BHH2 7;V Y Ui�BHH2 7/V

PM MQi2 ;ûMû`�H2K2Mi |A|- H� i�BHH2 /ömM �`#`2 AX

.û}MBiBQM , ?�mi2m` /ömM �`#`2 ✉ ✉ ✉

G� ?�mi2m` /ömM �`#`2 2bi H2 K�tBK�H /2 H� T`Q7QM/2m` /2 b2b M¾m/bX

R H2i `2+ ?�mi2m` � 4 K�i+? � rBi?

k % oB/2 @= @R
j % LUn- 7;- 7/V @= K�t U?�mi2m` 7;V U?�mi2m` 7/V Y R

PM MQi2 ;ûMû`�H2K2Mi h(A)- H� ?�mi2m` /ömM �`#`2 AX

.û}MBiBQM , MQK#`2 /2 72mBHH2b ✉ ✉ ✉

G2 MQK#`2 /2 72mBHH2b /ömM �`#`2 2bi H2 MQK#`2 /2 b2b M¾m/b /ö�`Biû MmHH2X

R H2i `2+ M#72mBHH2b � 4 K�i+? � rBi?

k % oB/2 @= y
j % LUn- oB/2- oB/2V @= R
9 % LUn- 7;- 7/V @= UM#72mBHH2b 7;V Y UM#72mBHH2b 7/V

h?ûQ`�K2 , S`2mp2 T�` BM/m+iBQM bi`m+im`2HH2 9

aQBi R mM2 �bb2`iBQM /û}MB2 bm` A - Hö2Mb2K#H2 /2b �`#`2b #BM�B`2b ûiB[m2iûb T�` EX

PM bmTTQb2 [m2 ,

✆ R(oB/2) 2bi p`�B2

✆ ❅x P E, ❅(Fg,Fd) P A , ((R(Fg) 2i R(Fd)) ñ R(x,Fg,Fd)) 2bi p`�B2X

�HQ`b R(A) 2bi p`�B2 TQm` iQmi �`#`2 A /2 A X

.ûKQMbi`�iBQMX T�` `û+m``2M+2 7Q`i2 2M H� ?�mi2m` /2 Hö�`#`2

1M+�/`2K2Mi /m MQK#`2 /2 M¾m/b /ömM �`#`2 #BM�B`2 9

aQBi A mM �`#`2 #BM�B`2X �HQ`b h(A) + 1 ↕ |A| ↕ 2h(A)+1 ✁ 1X

.ûKQMbi`�iBQMX S�` BM/m+iBQM bi`m+im`2HH2 bm` A ,

✆ aB A = oB/2- |A| = 0 2i h(A) = ✁1- ✁1 + 1 ↕ 0 ↕
2✁1+1 ✁ 1- H2 `ûbmHi�i 2bi pû`B}ûX

✆ aB A = (x,Fg,Fd)- QM bmTTQb2 H2 `ûbmHi�i TQm` Fg 2i
FdX

|A| = 1 + |Fg| + |Fd| ↕ 2h(Fg)+1 + 2h(Fd)+1 ✁ 1

↕ 2 ✝ 2max(h(Fg),h(Fd))+1 ✁ 1

↕ 2h(A)+1 ✁ 1

|A| = 1 + |Fg| + |Fd| ➙ h(Fg) + h(Fd) + 3

➙ max(h(Fg),h(Fd)) + 3

➙ h(A) + 1

_2K�`[m2X G2b /ûKQMbi`�iBQMb T�` BM/m+iBQM bi`m+im@
`2HH2b `2pB2MM2Mi ¨ ûpBi2` /2 7�B`2 /2b `û+m``2M+2b 7Q`i2b
2M H� ?�mi2m` /2 Hö�`#`2- H� T`2mp2 2M /2pB2Mi THmb Hû;�`2X

8 �



" �`#`2b "BM�B`2b /2 _2+?2`+?2

�M�HQ;B2 2Mi`2 /B+?QiQKB2 2i �`#`2 #BM�B`2 /2 `2+?2`+?2

aQBi H2 i�#H2�m i`Bû (jc 8c ec Ryc RRc kdc NN)X aB D2 bQm?�Bi2 `2+?2`+?2` `�TB/2K2Mi mM ûHûK2Mi /2 +2 i�#H2�m-
D2 p�Bb T`Q+û/2` T�` `2+?2`+?2 /B+?QiQKB[m2X

S`2MQMb e T�` 2t2KTH2- D2 p�Bb /ö�#Q`/ +QKT�`2` e ¨ RyX TmBb e ¨ 8 �p�Mi /2 i`Qmp2` eX

1M `û�HBiû- QM T2mi `2T`ûb2Mi2` H2b TBpQib /2 +2ii2 `2+?2`+?2 /B+?Q@
iQKB[m2 /�Mb +2 [möQM �TT2HH2 mM �`#`2 #BM�B`2 /2 `2+?2`+?2X
SQm` 7�B`2 mM2 `2+?2`+?2 /�Mb +2i �`#`2- BH bm{i /2 +QKT�`2` bm+@
+2bBp2K2Mi MQi`2 ûHûK2Mi �p2+ H2b /Bzû`2Mi2b ûiB[m2ii2b UQm TBp¬ibV
+?QBbBbb�Mi H2 T`Q+?�BM bQmb@�`#`2 2M 7QM+iBQM /2 +2ii2 +QKT�`�B@
bQMX

e I Ry

8 I e

j e

kd

RR NN

G2b �`#`2b #BM�B`2b /2 `2+?2`+?2b bQMi /2b �`#`2b /ömM2 `2+?2`+?2 /B+?QiQKB[m2- 2M 2z2i H2b TBpQib v bQMi }tûbX

R .û}MBiBQM

.û}MBiBQM , �`#`2 #BM�B`2 /2 `2+?2`+?2 ✉ ✉ ✉

lM �`#`2 #BM�B`2 /2 `2+?2`+?2 2bi mM �`#`2 #BM�B`2 QM +?�[m2 MQ2m/- 2bi

THmb ;`�M/ [m2 iQmi H2b MQ2m/b /2 bQM }Hb ;�m+?2 2i THmb T2iBi [m2 iQmi

H2b MQ2m/b /2 bQM }Hb /`QBiX

_2K�`[m2X lM �`#`2 #BM�B`2 /2 `2+?2`+?2 T2mi �i`2 ûiB[m2iû T�` MöBKTQ`i2 [m2H 2Mb2K#H2 Q`/QMMûX

1t2KTH2 /2 `2T`ûb2Mi�iBQMb /ö�"_ ¨ i`QBb ûHûK2Mib

^+^

^#^

^�^

^+^

^�^

^#^

^#^

^�^ ^+^

^�^

^+^

^#^

^�^

^#^

^+^

AH 2tBbi2 THmbB2m`b bi`m+im`2b /ö�"_ TQm` H2 K�K2 2Mb2K#H2 /öûiB[m2ii2bX

RXR S�`+Qm`b BM}t2 /ömM �"_

e �



h?ûQ`�K2 , 9

GQ`b /m T�`+Qm`b BM}t2 /ömM �`#`2 #BM�B`2 /2 `2+?2`+?2 �- H2b +Hûb bQMi T�`+Qm`m2b T�` Q`/`2 +`QBbb�MiX

.ûKQMbi`�iBQMX S�` BM/m+iBQM bi`m+im`2HH2 bm` A ,

✆ aB A = oB/2- BH Möv � `B2M ¨ T`Qmp2`

✆ aB A = (x,Fg,Fd)- QM bmTTQb2 H2b +Hûb bQMi T�`+Qm@
`m2b T�` Q`/`2 +`QBbb�Mi /�Mb H2b T�`+Qm`b BM}t2b /2b

bQmb@�`#2b Fg 2i FdX
P` iQmi2b +Hû /2 Fg 2bi BM7û`B2m`2 ¨ t 2HH2 K�K2 BM@
7û`B2m`2 ¨ iQmi2 +Hû /2 Fd /QM+ H2 T�`+Qm`b Fg TmBb x
TmBb Fd 2bi #B2M 2z2+imû T�` Q`/`2 +`QBbb�Mi /2 +HûX

*Q``QH�B`2 , 9

aQBi �R 2i �k /2mt �"_ /2 bi`m+im`2 }tû2 2i /2 K�K2b ûiB[m2ii2b- �HQ`b �R 2bi û;�H ¨ �kX

.ûKQMbi`�iBQMX G2b /2mt �`#`2b �v�Mi H� K�K2 bi`m+@
im`2- H2 T�`+Qm`b BM}t2 `2MpQB2 H2b ûiB[m2ii2b /2b K�K2
MQ2m/bX P` H2b +Hûb ûi�Mi T�`+Qm`m2b T�` Q/`2 +`QBbb�Mi

TQm` +2 K�K2 T�`+Qm`b- H2b MQ2m/b �v�Mi H� K�K2 TH�+2
/�Mb H� bi`m+im`2 /2b /2mt �`#`2b TQbb�/2Mi H2b K�K2
ûiB[m2ii2bX G2b �`#`2b bQMi �HQ`b û;�mtX

RXk �++�b ¨ mM �"_

_2+?2`+?2 /ömM2 +Hû

_2+?2`+?2 /ömM +Hû ✉ ✉ ✉

G� `2+?2`+?2 /ömM2 +Hû b2 7�Bi /QM+ T�` /B+?QiQKB2- 2M miBHBb�Mi H2b TBp¬ib BKTQbûb T�` Hö�`#`2 #BM�B`2

/2 `2+?2`+?2X

R H2i `2+ `2+?2`+?2 �#` t 4 K�i+? �#` rBi?

k % oB/2 @= LQM2
j % LUM- n- nV r?2M t 4 M @= aQK2 M
9 % LUM- 7;- nV r?2M t I M @= `2+?2`+?2 7; t
8 % LUM- n- 7/VU r?2M M I t V@= `2+?2`+?2 7/ tcc

_2+?2`+?2 /2 H� +Hû KBMBK�H2fK�tBK�H2

_2+?2`+?2 /ömM2 +Hû KBMBK�H2 f K�tBK�H2 ✉ ✉ ✉

G� `2+?2`+?2 /m KBMBKmK b2 TQm`bmBi /�Mb H2 }Hb ;�m+?2 i�Mi [möBH 2tBbi2- HQ`b[möBH 2bi pB/2- H2b ûiB@

[m2ii2b /m }Hb /`QBi ûi�Mi bmTû`B2m`2b- QM � i`Qmpû H2 KBMBKmKX

R H2i `2+ KBMBKmK �#` 4 K�i+? �#` rBi?

k % oB/2 @= LQM2
j % LUM- oB/2- nV @= aQK2 M
9 % LUn- 7;- nV @= KBMBKmK 7;cc

d �



_2+?2`+?2 /2 H� +Hû T`û/û+2bb2m`2fbm+2bb2m`2

_2+?2`+?2 /2 H� +Hû T`û/û+2bb2m`2fbm+2bb2m`2 ✉ ✉ ✉

Gö�`#`2 #BM�B`2 /2 `2+?2`+?2 b2 T`�i2 #B2M ¨ H� `2+?2`+?2 /ömM bm++2bb2m`- HöB/û2 2bi /ö2tTHQ`2` H2 ;`�T?2

2M `2bi�Mi �mbbB T`Q+?2 [m2 TQbbB#H2 /2 H� +Hû `2+?2`+?ûX AH 7�mi iQmi /2 K�K2 ;�`/2` ¨ Hö2bT`Bi [m2 H2

bm++2bb2m` T2mi �i`2 /�Mb mM MQ2m/ T�`2Mi /QM+ biQ+Fû /�Mb mM �++mKmH�i2m` �++ B+BX

R H2i bm+2bb2m` t �`# 4
k H2i `2+ �mt t �`# �++ 4 K�i+? �`# rBi?

j % oB/2 @= �++
9 % LUM- n- 7/V r?2M M I4 t @= �mt t 7/ �++
8 % LUM- 7;- nV U r?2M M = t V @= �mt t 7; UaQK2 MV BM

e �mt t �`# LQM2cc

hQmi2b H2b QTû`�iBQMb /2 `2+?2`+?2 /û}MB2b T`û+û/2KK2Mi T2mp2Mi bö2z2+im2` 2M O(h(A))- 2M 2z2i- mM2 +QKT�`�BbQM
T�` T`Q7QM/2m` /�Mb Hö�`#`2 2bi bm{b�Mi TQm` i`Qmp2` HöûHûK2Mi `2+?2`+?ûX

RXj AKTHûK2Mi�iBQM L�[p2

AMb2`iBQM M�[p2

AMb2`iBQM /�Mb mM2 72mBHH2 ✉ ✉ ✉

GöB/û2 2bi /2 T�`+Qm`B` Hö�`#`2 2M `2bT2+i�Mi H2b BMû;�HBiûb /ömM �#` TQm` MQi`2 ûiB[m2ii2- /2 +2ii2

K�MB�`2- 2M �``Bp�Mi ¨ mM2 72mBHH2- QM T2mi 7�B`2 mM2 BMb2`iBQM b�Mb T`Q#H�K2bX

R H2i `2+ BMb2`iBQMnM�Vp2 �#` t 4 K�i+? �#` rBi?

k % oB/2 @= LUt- oB/2- oB/2V
j % LUM- n- nV r?2M t 4 M @= �#`
9 % LUM- 7;- nV r?2M t I M @= BMb2`iBQM 7; M
8 % LUM- n- 7/V U r?2M M I t  V @= BMb2`iBQM 7/ Mcc

amTT`2bbBQM M�[p2

amTT`2bbBQM /ömM2 +Hû ✉ ✉ ✉

aB HömM /2b bQmb@�`#`2 /2 HöûiB[m2ii2 `2+?2`+?û2 2bi pB/2- �HQ`b QM T2mi bBKTH2K2Mi H� `2KTH�+2` T�`

H� `�+BM2 /2 Hö�mi`2X aBMQM- QM p� +`Q[m2` /�Mb H2 K�tBKmK /m bQmb �`#`2 ;�m+?2 Qm H2 KBMBKmK /m

bQmb@�`#`2 /`QBi TQm` `2KTH�+2` H� `�+BM2X

R H2i bmTT`BK2nK�t �#` 4 K�i+? �#` rBi?

k % oB/2 @= 7�BHrBi? ]T�b /2 K�t]

j % LUM- 7;- oB/2V @= UM- 7;V
9 % LUM- 7;- 7/V @= H2i UK�t- 7;^V 4 bmTT`BK2nK�t 7/ BM

8 UK�t- LUM- 7;^- 7/VVcc

d H2i `2+ bmTT`2bbBQMnM�Vp2 �#` t 4 K�i+? �#` rBi?

3 % oB/2 @= oB/2
N % LUM- 7;- 7/V r?2M t I M @= LUM- bmTT`2bbBQMnM�Vp2 7; t- 7/V

Ry % LUM- 7;- 7/V r?2M M I t @= LUM- 7;- bmTT`2bbBQMnM�Vp2 7/ tV
RR % LUM- 7;- oB/2V U r?2M t 4 M  V @= 7;
Rk % LUM- oB/2- 7/V U r?2M t 4 M  V @= 7/
Rj % LUM- 7;- 7/V U r?2M t 4 M  V @= H2i UK�t- 7;^V 4 bmTT`BK2nK�t 7; BM

R9 LUK�t- 7;^- 7/Vcc

A+B- H� bmTT`2bbBQM b2 7�Bi 2M+Q`2 2M O(h(A))X 1M 2z2i- H� 7QM+iBQM bmTT`BK2nK�t ¨ mM2 +QKTH2tBiû 2M O(h(A))- 2i ¨ +?�[m2

2t2+miBQM /2 H� 7QM+iBQM bmTT`2bbBQMnM�Vp2- QM 7�Bi �TT2H bQBi `û+m`bbBp2K2Mi ¨ bmTT`2bbBQMnM�Vp2- bm` mM �`#`2 /2 ?�mi2m`

THmb T2iBi /2 R- bQBi QM 7�Bi �TT2H ¨ bmTT`BK2nK�t- bm` mM �`#`2 /2 ?�mi2m` THmb T2iBi /2 RX

3 �



k .ûbû[mBHB#`2

PM /û}MBi mbm2HH2K2Mi H� i�BHH2 /2 Hö2Mi`û2 2M H� i�BHH2 /2 Hö�`#`2 bQBi n = |A|X
hQmi2b H2b 7QM+iBQMb mbm2HH2b bm` H2b �"_ QMi mM2 +QKTH2tBiû i2KTQ`2HH2 2M O(h(A))X aQBi O(n) /�Mb mM �"_
[m2H+QM[m2X
1i MQmb �pQMb �mbbB pm [m2 THmbB2m`b bi`m+im`2b /ö�"_ 2tBbi2Mi TQm` H2 K�K2 2Mb2K#H2 /öûiB[m2ii2bX P` H�
b2mH2 ?vTQi?�b2 /QMi MQmb /BbTQbQMb 2bi [m2 h(A) < |A|- H2 +�b T�i?QHQ;B[m2 /2 Hö�`#`2 T2B;M2 T2`K2i /öHHmbi`2`
+2 TB`2 +�b ,

^7^

^2^

^/^

^+^

^#^

^�^

y

R

k

j

9

8

*2T2M/�Mi BH 2tBbi2 /2b �`#`2b #BM�B`2b û[mBHB#`ûb [mB ;�`�MiBbb2Mi O(h(A)) = O(log(n))- QM T2mi +Bi2` T�`
2t2KTH2 H2b �`#`2b T`2b[m2 +QKTH2ib- H2b �`#`2b �oG Qm 2M+Q`2 H2b �`#`2b `Qm;2@MQB`X

j .B+iBQMM�B`2

aB HöQM /û}MBi Hö2Mb2K#H2 E = C✂V �p2+ C mM 2Mb2K#H2 Q`/QMMû- QM T2mi /û}MB` mM �"_ /öûiB[m2ii2 E Q`/QMMû2
T�` Hö2Mb2K#H2 CX *2i �"_ `2T`ûb2Mi2 �HQ`b mM /B+iBQMM�B`2 /QMi Hö2Mb2K#H2 C `2T`ûb2Mi2 H2b +H27b 2i V H2b p�H2m`bX

PM T2mi T�` 2t2KTH2 T`2M/`2 /2b KQib +QKK2 +Hûb- 2M miBHBb�Mi HöQ`/`2 H2tB+Q;`�T?B[m2 +QKK2 `2H�iBQM /öQ`/`2-
2i /2b 2MiB2`b +QKK2 p�H2m` TQm` `2T`ûb2Mi2` mM BMp2Mi�B`2 ,

U]*�``Qii2b]-R3V

U]"�M�M2]-9V

U]�#`B+Qi]-yV U]"`Q+QHBb]-yV

U]S�i�i2]-3V

U]õ+?�HQii2b]-RkV

PM ;�`/2 �HQ`b H2b T`QT`Bûiû2b /ömM �"_- 2M T�`iB+mHB2` H� `2+?2`+?2 2M O(h(A))X

N �



* 6BH2 /2 T`BQ`Biû

.û}MBiBQM , 6BH2 /2 T`BQ`Biû ✉ ✉ ✉

lM2 }H2 /2 T`BQ`Biû 2bi mM ivT2 �#bi`�Bi bm` mM 2Mb2K#H2 Q`/QMMû [mB +QKTQ`i2 i`QBb QTû`�iBQMb ,

✆ 2M}H2` mM ûHûK2Mi

✆ /û}H2` HöûHûK2Mi �v�Mi H� THmb T2iBi2 +H27

✆ i2bi2` bB H� }H2 /2 T`BQ`Biû 2bi pB/2 Qm MQM

y

k

j

9

}H2 /2 T`BQ`Biû BMBiB�H2

y

k

j

9

/û}H2`

R

k

j

9

2M}H2` R

R

k

j

9

/û}H2`

R AKTHûK2Mi�iBQMb M�[p2b

RXR G� HBbi2

PM T2mi BKTHûK2Mi2` mM2 }H2 /2 T`BQ`Biû ¨ Hö�B/2 /ömM2 HBbi2 [m2H+QM[m2X

oQB+B T�` 2t2KTH2 mM2 }H2 /2 T`BQ`Biû +QMi2M�Mi H2b ûHûK2Mib {4, 5, 7, 8, 10, 12, 14, 15, 16}X

Ry R8 Rk R9 8 9 3 Re d t

1M}H2` PM T2mi bBKTH2K2Mi 2M}H2` mM ûHûK2Mi 2M Hö�DQmi�Mi 2M i�i2 /2 HBbi2- �DQmiQMb 6 T�` 2t2KTH2X

e Ry R8 Rk R9 8 9 3 Re d t

.û}H2` aB HöQM p2mi /û}H2`- BH p� MQmb 7�HHQB` `2i`Qmp2` H2 KBMBKmK /2 H� HBbi2- B+B 4X *2H� b2 7�Bi 2M +QKT�`�Mi
mM ¨ mM H2b ûHûK2Mib /2 +2ii2 HBbi2X

e Ry R8 Rk R9 8 9 3 Re d t

Ry �



6BH2b /2 T`BQ`Biûb BKTHûK2Miû2b T�` /2b HBbi2b ,

QTû`�iBQM +QKTH2tBiû Kûi?Q/2

2M}H2` O(1) �DQmi 2M i�i2 /2 HBbi2
/û}H2` O(n) KBMBKBK /2 H� HBbi2
2binpB/2 O(1) i2bi bB H� HBbi2 2bi pB/2

RXk G� HBbi2 i`Bû2

PM T2mi �mbbB BKTHûK2Mi2` mM2 }H2 /2 T`BQ`Biû ¨ Hö�B/2 /ömM2 HBbi2 i`Bû2X

_2T`2MQMb Hö2Mb2K#H2 T`û+û/2Mi {4, 5, 7, 8, 10, 12, 14, 15, 16}X

9 8 d 3 Ry Rk R9 R8 Re t

1M}H2` aB HöQM p2mi 2M}H2`- BH p� MQmb 7�HHQB` TH�+2` HöûHûK2Mi �m #QM 2M/`QBi- TH�ÏQMb 6X *2H� b2 7�Bi 2M +QKT�`�Mi
mM ¨ mM H2b ûHûK2Mib /2 +2ii2 HBbi2X

9 8 e d 3 Ry Rk R9 R8 Re t

.û}H2` PM T2mi bBKTH2K2Mi /û}H2` mM ûHûK2Mi 2M bmTT`BK�Mi H� i�i2 /2 HBbi2- B+B 4X

9 8 e d 3 Ry Rk R9 R8 Re t

6BH2b /2 T`BQ`Biûb BKTHûK2Miûb T�` /2b HBbi2b i`Bû2b ,

QTû`�iBQM +QKTH2tBiû Kûi?Q/2

2M}H2` O(n) BMb2`iBQM T�` +QKT�`�BbQMb bm++2bbBp2b +QMb2`p�Mi H2 i`B
/û}H2` O(1) bmTT`2bbBQM /2 H� i�i2 /2 HBbi2
2binpB/2 O(1) i2bi bB H� HBbi2 2bi pB/2

k AKTHûK2Mi�iBQM T�` i�b

.û}MBiBQM , �`#`2 #BM�B`2 T`2b[m2 +QKTH2i ✉ ✉ ✉

lM �`#`2 #BM�B`2 2bi T`2b[m2 +QKTH2i bB iQmb b2b MBp2�mt bQMi +QKTH2ib

b�m7 ûp2Mim2HH2K2Mi H2 /2`MB2`X

RR �



S`QTQbBiBQM , 9

aQBi A mM �`#`2 #BM�B`2 T`2b[m2 +QKTH2i ¨ n M¾m/b- h(A) ↕ log2(n)X

.ûKQMbi`�iBQMX aQBi A mM �`#`2 #BM�B`2 T`2b[m2 +QK@
TH2i- BH v � �m KQBMb mM M¾m/ bm` H2 MBp2�m h(A) 2i
iQmb H2b �mi`2b bQMi +QKTH2ibX PM T2mi /QM+ KBMQ`2` H2
MQK#`2 /2 M¾m/ 2M 7QM+iBQM /2 H� ?�mi2m` /2 Hö�`#`2 i2H

[m2 ,

1 +

h(A)✁1➳

i=0

(2i) ↕ n

2h(A) ↕
h(A) ↕ log2(n)

.û}MBiBQM , h�b ✉ ✉ ✉

lM i�b 2bi mM �`#`2 #BM�B`2 T`2b[m2 +QKTH2i QM +?�[m2 M¾m/ � mM2

p�H2m` THmb T`BQ`Bi�B`2 [m2 +2HH2 /2 b2b }HbX GQ`b[m2 H2b `2H�iBQMb /öQ`/`2

bm` H2b MQK#`2b ↕ ➙ bQMi miBHBbû2b- QM T�`H2 �HQ`b /2 h�b@KBM Qm /2

h�b@K�tX

1M}H2` SQm` 2M}H2` mM ûHûK2Mi /�Mb mM i�b- QM p� +QKK2M+2` T�` +QKTHûi2` Hö�`#`2 T�` HöûHûK2Mi �p�Mi /2 H2
7�B`2 `2KQMi2` ;`�+2 ¨ /m #m##H2 mT TQm` `2i`Qmp2` MQi`2 bi`m+im`2 /ö�`#`2 iQm`MQBbX

9R

k8

R9 Ry

kR

�`#`2 AMBiB�H

9R

k8

R9 Ry

kR

8R

�DQmi /2 8R

9R

k8

R9 Ry

kR

8R

"m##H2 lT +�`
21 ↕ 51

9R

k8

R9 Ry

8R

kR

"m##H2 lT +�`
41 ↕ 51

8R

k8

R9 Ry

9R

kR

�`#`2 6BM�H

.û}H2` SQm` /û}H2`- QM p� û+?�M;2` H� `�+BM2 �p2+ H2 /2`MB2` MQ2m/ +QKTHûiûX PM T2mi /QM+ 2MbmBi2 H� `2iB`2`X
�}M /2 `ûi�#HB` H� bi`m+im`2 QM p� "m##H2 .QrM H� MQmp2HH2 `�+BM2X

8R

k8

R9 Ry

9R

kR

�`#`2 6BM�H

8R

k8

R9 Ry

9R

kR

1+?�M;2 _�+BM2

kR

k8

R9 Ry

9R

8R

amTT`2bbBQM /2 8R

9R

k8

R9 Ry

kR

"m##H2 .QrM +�`
21 ↕ 25 ↕ 41

9R

k8

R9 Ry

kR

�`#`2 AMBiB�H

Rk �



6BH2b /2 T`BQ`Biûb BKTHûK2Miûb T�` /2b i�b ,

QTû`�iBQM +QKTH2tBiû Kûi?Q/2

2M}H2` O(log2n) "m##H2 lT

/û}H2` O(log2n) "m##H2 .QrM

2binpB/2 O(1) i2bi2` bB Hö�`#`2 2bi oB/2

j h`B T�` i�b

�H;Q`Bi?K2 , i`B T�` i�b

Gö�H;Q`Bi?K2 2bi i`�b bBKTH2- BH +QMbBbi2 ¨ 2M}H2` iQmb H2b ûHûK2Mib /ömM2 HBbi2 G TmBb /2 /û}H2` H2 i�bX PM Q#B2Mi
�HQ`b mM2 HBbi2 G^ i`Bû2X

h?ûQ`�K2 , *QKTH2tBiû /m i`B T�` i�b 9

SQm` mM2 HBbi2 G /2 i�BHH2 n- QM T2mi H� i`B2` 2M miBHBb�Mi /2b i�b 2M +QKTH2tBiû i2KTQ`2HH2 O(nlog2(n))
2i 2M +QKTH2tBiû 2M 2bT�+2 O(1)�X

�1M biQ+F�Mi H2 i�b /�Mb mM i�#H2�m- QM T2mi 7�B`2 H2 i`Bb ôbm`@TH�+2ô

9 aiQ+F�;2 /�Mb mM i�#H2�m

8R

k8

R9 Ry

9R

kR

�`#`2 6BM�H

i 8R k8 9R R9 Ry kR

LmKû`Qi�iBQM /2 aQb�@ai`�/QMBix , GQ`b /m biQ+F�;2 /ömM �`#`2 /�Mb mM i�#H2�m- H2b
}Hb /m MQ2m/ i bQMi `2bT2+iBp2K2Mi 2✝ i 2i 2✝ i+1 2M BM/2t�Mi ¨ T�`iB` /ömM /�Mb H2 i�#H2�mX
A+B- H� ?�mi2m` K�tBK�H2 /ömM �`#`2 TQmp�Mi �i`2 `2T`ûb2Miû /�Mb +2 i�#H2�m 2bi kX

1M P+�KH- H2b i�#H2�mt bQMi BM/2tûb ¨ T�`iB` /2 y- QM � /QM+ /2mt bQHmiBQMb TQm` T�`2` ¨ Ï� ,

aB QM i`�p�BHH2 bm` mM i�b /ö2MiB2`b PM T2mi �HQ`b `ûb2`p2` #B2M H� T`2KB�`2 +�b2 TQm` biQ+F2` H� i�BHH2 /2
Hö�`#`2- Mû+2bb�B`2 TQm` 2M}H2` 2i /û}H2`X

aB QM � #2bQBM /m TQHvKQ`T?BbK2b aB HöQM bQm?�Bi2 +QMb2`p2` H2 TQHvKQ`T?BbK2b- QM T2mi `2+�H+mH2` H� p�H2m`
/2b }Hb 2M T�`i�Mi /ömM BM/2t y- bQBi 2 ✝ i + 1 2i 2 ✝ i + 2 2i /û}MB` mM2 bi`m+im`2 TQm` biQ+F2` H� i�BHH2 /2 Hö�`#`2-
iQmDQm`b Mû+2bb�B`2X

ivT2 î� i�b 4 &Kmi�#H2 HQM;m2m` , BMi c +QMi2Mm , î� �``�v'cc

Rj �


